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Maximal locally convex topology
Suppose that κ is an inﬁnite cardinal, Vκ =⊕α<κ Rα is a vector space of dimension κ
over R, τ κ is the box topology on Vκ , μκ and νκ are the maximal and maximal locally
convex vector topologies on Vκ respectively. We prove that τω = μω = νω but, for every
κ > ω, μκ ⊃ νκ ⊃ τ κ . For every κ , the topological vector spaces (Vκ ,μκ ), (Vκ ,νκ ),
(Vκ ,τ κ ) are complete but not sequential.
© 2012 Elsevier B.V. All rights reserved.
Under a vector topology we mean a Hausdorff topology τ on a vector space V over R such that (V , τ ) is a topological
vector space. If V is ﬁnite-dimensional, there is only one such a topology.
Given an inﬁnite cardinal κ , we denote by Vκ the (unique up to linear isomorphisms) vector space of dimension κ
over R. The least upper bound μκ of the family of all vector topologies on Vk is a vector topology. We call μκ the maximal
vector topology.
We ﬁx some realisation of Vκ as the direct sum
⊕
α∈κ Rα of κ copies of R (see [2, Chapter 1]). For each α ∈ κ and
a ∈ Vκ , a = (aγ )γ∈κ , we denote supp(a) = {γ ∈ κ: aγ = 0} and identify Rα with the subspace {a ∈ Vκ : supp(a) ⊆ {α}}
of Vκ . For each α ∈ κ , we pick some neighbourhood Uα of zero in Rα . Then the family of all subsets of the form ⊕α∈κ Uα
is a base at zero for the box topology τ κ on Vκ . Clearly, τ κ is locally convex.
Theorem 1 from the following list is known [2, Section 4.1, Proposition 4 and Section 4.4, Proposition 3], but we give its
proof because it contains a construction necessary for the next theorems. I thank referee for this reference.
Theorem 1. For every inﬁnite cardinal κ , the following statements hold:
(i) μω coincides with the box topology τω , μκ is stronger than τ κ for each κ > ω;
(ii) μκ is locally convex if and only if κ = ω;
(iii) μκ and τ κ are complete.
We say that two vector topologies τ1, τ2 on Vκ are transversal if the least upper bound τ1 ∨ τ2 is the maximal vector
topology μκ .
Theorem 2. For every inﬁnite cardinal κ , there exist 22
κ
pairwise transversal vector topologies on Vκ .
The least upper bound νκ of the family of all locally convex topologies on Vκ is locally convex. We call νκ the maximal
locally convex topology.
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(i) νω coincides with τω , νκ is stronger than τ κ for each κ > ω;
(ii) νκ is complete.
Theorem 4. For every inﬁnite cardinal κ , there exists a family F of locally convex topologies on Vκ such that |F | = 22κ and τ1 ∨ τ2 =
νκ for any distinct topologies τ1, τ2 from F .
For group and ring topologies some counterparts of Theorem 2 were proved in [1].
A subset F of a topological space X is called sequentially closed if it contains the limits of all its convergent sequences.
A topological space X is called sequential if every sequentially closed subset of X is closed.
Theorem 5. For every inﬁnite cardinal κ , the topological vector spaces (Vκ ,τ κ ), (Vκ ,μκ ), (Vκ ,νκ ) are not sequential.
Proof of Theorem 1. To describe the topology μκ more constructively, we use the following standard fact [3, Proposi-
tion 1.2]. A family N of subsets of Vκ forms a base at zero for some vector topology if and only if
(1) for every U ∈ N , there exists V ∈ N such that V ± V ⊆ U ;
(2) for every U ∈ N and every λ > 0, there exists V ∈ N such that λV ⊆ U ;
(3) for every U ∈ N and every a ∈ Vκ , there exists λ > 0 such that λ′a ∈ U for each λ′ ∈ [0, λ];
(4)
⋂N = {0}.
For each α ∈ κ , we pick some λα ∈ R+α , λα > 0 and denote by Sκ the family of all subsets of Vκ of the form⋃




n∈ω(S0 + · · · + Sn) and denote by Nκ the
family of all subsets of Vκ of the form
∑
n∈ω Sκ . It is easy to check (1)–(4) for N = Nκ , so Nκ is a base at zero for some
vector topology τ . To show that τ = μκ , we ﬁx an arbitrary vector topology τ ′ on Vκ , denote by N ′ the family of all
neighbourhoods of zero in topology τ ′ , and take an arbitrary V ∈ N ′ . Then we choose inductively a sequence (Vn)n∈ω in
N ′ such that V0 + V0 ⊆ V and Vn+1 + Vn+1 ⊆ Vn for each n ∈ ω. By the choice of (Vn)n∈ω , we have∑
n∈ω
Vn ⊆ V .
For each n ∈ ω, we choose Sn ∈ Sκ such that Sn ⊆ Vn . Then ∑n∈ω Sn ⊆ V , so τ ′ ⊆ τ and τ = μκ .
(i) To prove the ﬁrst statement, we take an arbitrary sequence (Sn)n∈ω in Sω and show that
∑
n∈ω Sn ∈ Nω is a neigh-








n∈ω Vn,n is a basic neighbourhood of zero in τω , so τω = μω .
To prove the second statement, it suﬃces to prove (ii).
(ii) By (i), μω = τω so μω is locally convex. To prove that μκ is not locally convex for each κ > ω, we point out a
neighbourhood S ∈ Nκ such that, for every S ′ ∈ Nκ , there exists x1, . . . , xn ∈ S ′ with 1n (x1 + · · · + xn) /∈ S . To this end, we








Let y = (yα)α∈κ be an arbitrary non-zero element from S . We rearrange supp(y) = {α1, . . . ,αn} so that |yα1 | |yα2 | · · ·
 |yαn |. By the choice of (λi)i∈ω , we have |yαi | < 1i2 for each i ∈ {1, . . . ,n}. Let S ′ be an arbitrary neighbourhood of zero
in μκ . Since κ > ω, we can choose a natural number m and an inﬁnite subset I ⊂ κ such that 1meα ∈ S ′ for each α ∈ I ,





, and take an arbitrary α1, . . . ,αn ∈ I . Then 1meα1 , . . . , 1meαn ∈ S ′ , but 1n ( 1meα1 + · · · + 1meαn ) /∈ S .
(iii) Let ϕ be a free ultraﬁlter Cauchy in μκ . We denote by V the product
∏
α∈κ Rα endowed with the product topol-
ogy τ , and identify Vκ with the subspace of vectors from V whose all but ﬁnitely many coordinates are zeros. Since the
space (V, τ ) is complete in the product uniformity, ϕ converges in τ to some element x = (xα)α∈κ from V. We assume that
x /∈ Vκ and choose a countable subset I ⊂ κ such that xα = 0 for each α ∈ I . For every α ∈ I we take an open disjoint neigh-
bourhoods Uα and V ′α of xα and 0. If α ∈ I we put Vα = V ′α , otherwise Vα = Rα . Then V =
⊕
α∈κ Vα is a neighbourhood
of zero in μκ , so there exists Φ ∈ ϕ such that Φ − Φ ⊆ V . We ﬁx an arbitrary element y ∈ Φ and choose β ∈ I \ supp(y).
Since ϕ converges to x in τ , there exists z ∈ Φ , z = (zα)α∈κ such that zβ ∈ Uβ . Since zβ = zβ − yβ , then zβ − yβ ∈ Uβ , so
zβ − yβ /∈ V ′ and z − y /∈ V contradicting the choice of Φ . Hence, x ∈ Vk .β
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∑
n∈ω Sn . We put ψ = {x − Φ: Φ ∈ ϕ}
and show that ψ converges to zero in μκ . Since ψ is an ultraﬁlter Cauchy in μκ , there Ψ ∈ ψ such that Ψ − Ψ ⊆ S .
We ﬁx an arbitrary y ∈ Ψ . Since ψ converges to zero in τ , there exists z ∈ Ψ such that supp(y) ∩ supp(z) = ∅. Since
y − z ∈ Ψ − Ψ ⊆ S and supp(y) ∩ supp(z) = ∅, by the deﬁnitions of Sκ and Nκ , we have y ∈ S , so Ψ ⊆ S and ψ converges
to zero in μκ . The same arguments work also for τ κ . 








where U is a neighbourhood of zero for the maximal vector topology on
⊕
α∈κ\Φ Rα . Then the family N (ϕ) =
⋃
Φ∈ϕ N (Φ)
satisﬁes (1)–(4), so there exists a vector topology τϕ on Vκ for which N (ϕ) is a base at zero.
Let ψ be a free ultraﬁlter on κ , ϕ = ψ . We partition κ = Φ ∪ Ψ so that Φ ∈ ϕ , Ψ ∈ ψ . Let (Sn)n∈ω be a sequence in Sκ ,
S =∑n∈ω Sn . It follows directly from deﬁnition of Sκ that
(prΨ S) ⊕ (prΦ S) ⊆ S + S.
We put











Then Uϕ ∈ N (ϕ), Uψ ∈ N (ψ) and Uϕ ∩ Uψ ⊆ S + S. Hence, τϕ ∨ τψ = μκ . To conclude the proof, it suﬃces to note that
the set of all free ultraﬁlters on κ has cardinality 22
κ
. 
Proof of Theorem 3. We use the following simple observation: the family Nˆκ = {conv(S): S ∈ Nκ } is a base at zero for νκ .
(i) The ﬁrst statement follows from Theorem 1(i). To prove the second statement, we use the subset S ∈ Nκ constructed
in the proof of Theorem 1(ii). We show that the neighbourhood conv(S) of zero in νκ is not a neighbourhood of zero in τ κ .
Assume the contrary. Then there exist a natural number m and an inﬁnite subset I ⊂ κ such that 1m
∑
α∈F eα ∈ conv(S) for
every ﬁnite subset F of I . For each x ∈ Vκ , x = (xα)α∈κ , we put ‖x‖ =∑α∈κ |xα |. By the choice of S , we have ‖y‖  s =∑
n∈ω 1n2 for every y ∈ S , so ‖z‖ s for every z ∈ conv(S). Now we choose a ﬁnite subset F ⊂ I such that 1m |F | > s. Then
‖ 1m
∑
α∈F eα‖ = 1m |F | > s so 1m
∑
α∈F eα /∈ conv(S) contradicting the choice of m and I .
(ii) Repeat the proof of Theorem 1(iii) with the subset conv(S) instead of S . 








where U is a convex neighbourhood of zero for the maximal locally convex topology on
⊕
α∈κ\Φ Rα . Then the family
Nˆ (ϕ) =⋃Φ∈ϕ N (Φ) satisﬁes (1)–(3), so there exists a locally convex topology τˆϕ on Vκ for which Nˆϕ is a base at zero.
The remaining proof is the same as in Theorem 2. 
Proof of Theorem 5. Since Vω =⊕n<ω Rn is closed in Vκ endowed with above topologies, by Theorems 1 and 3, it suﬃces
to prove that (Vω, τω) is not sequential. For every n ∈ N, we put
Xn =
{
(xi)i∈ω ∈ Vω: x0 = xm = 1
n
for somem > n, and xi = 0 for each i /∈ {0,m}
}
,
and consider the set X = ⋃n∈N Xn . It is standard to prove that, X is sequentially closed but zero vector of Vω is in
cl X \ X . 
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